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Objective
Summary of research results from NASA-supported ECF award 

NNX15AU58G on “Advanced Physical Models and Numerical 
Algorithms to Enable High-Fidelity Aerothermodynamic Simulations of 
Planetary Entry Vehicles on Emerging Distributed Heterogeneous 
Computing Architectures”

Overall research goals
§ Develop innovative physical models and advanced numerical methods 

for reliably predicting aerothermodynamic flows that are relevant to 
hypersonic and atmospheric entry vehicles in dusty flow environments 
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Objective
§ Develop high-order DG solver for high-speed disperse multiphase flows

› Shock capturing method, with a focus on predicting surface heating in 
hypersonic flows

› Lagrangian particle method suited for arbitrary curved, high-aspect-
ratio elements

§ Assess DG method for hypersonic, particle-laden flow applications
› Quantitative comparisons with state-of-the-art finite volume solvers 

(FUN3D, LAURA)

§ Apply developed DG framework to hypersonic dusty flows simulations
› Parametric sensitivity study
› Hypersonic dusty flow over the ExoMars Schiaparelli capsule
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What is DG?
Discontinuous Galerkin methods are a family of numerical methods 

combining features of finite-element and finite-volume schemes
§ Piecewise polynomials used to approximate the solution

§ Arbitrary polynomial order 
§ In each element, solve for polynomial coefficients 
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What is DG?
Discontinuous Galerkin methods are a family of numerical methods 

combining features of finite-element and finite-volume schemes
§ Piecewise polynomials used to approximate the solution

§ Arbitrary polynomial order 
§ In each element, solve for polynomial coefficients 

§ Numerical fluxes needed to deal with discontinuities between elements
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Why DG?
Current state of simulations of multi-physics (turbulent, multiphase, 

chemically reacting, etc.) flows on complex geometries
§ Finite-difference, finite-volume methods
§ Low-order (1st or 2nd order)

Potential for high-order DG methods
§ Desirable dissipation and dispersion properties
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Why DG?
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§ Finite-difference, finite-volume methods
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§ Suited for HPC (compactness, FLOPs : memory bandwidth)
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Why DG?
Current state of simulations of multi-physics (turbulent, multiphase, 

chemically reacting, etc.) flows on complex geometries
§ Finite-difference, finite-volume methods
§ Low-order (1st or 2nd order)

Potential for high-order DG methods
§ Desirable dissipation and dispersion properties
§ Suited for HPC (compactness, FLOPs : memory bandwidth)
§ Local mesh-adaptation (h) and refinement in polynomial order (p)
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Challenges
§ Efficient time stepping
§ Efficient automatic hp-adaptation
§ High-order curved meshes
§ Numerical instabilities
§ Extensions to complex physics

0.0 0.2 0.4 0.6 0.8 1.0
x
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1.0
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Exact
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[1] Lv and Ihme, Proc Combust Inst, 2015
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Discontinuous Galerkin discretization
Governing equations

Partition computational domain

Approximate solution with polynomials of order p

Multiply governing equations by       and integrate

⌦ =
Ne[

e=1

⌦e
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Discontinuous Galerkin discretization
Find the basis coefficients           that discretely satisfy

Evaluate integrals using Gaussian quadrature

HLLC1 Interior Penalty5

Roe2

AUSM+3

BR26

SLAU4

[1] Toro, et al., SW, 1994;
[2] Roe, JCP, 1981;
[3] Liou, JCP, 1996;

[4] Shima and Kitamura, AIAA J., 2011;
[5] Arnold, et al. SIAM JNA, 1981;
[6] Bassi & Rebay, JCP, 1997.
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Background: finite-volume
§ Surface heating predictions extremely 

sensitive to:
§ Mesh-shock alignment1

§ Inviscid flux function2,3

§ Limiter, parameters, etc.2,3

§ Gnoffo computed hypersonic flow 
over a cylinder using uniformly biased 
tetrahedra4

[1] Candler et al., AIAA Paper, 2009
[2] Kitamura et al., AIAA Journal, 2010

[3] Kitamura, AIAA Paper, 2013
[4] Gnoffo and White, AIAA Paper, 2004

Alignment

Pressure Heating

No alignment

Pressure Heating
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Background: DG
§ Robust shock capturing is still an active area of research
§ Limited work on using high-order DG to compute viscous hypersonic 

flows1,2,3,4

Goals:
§ Develop a simple and robust shock capturing method
§ Assess sensitivities of DG heating predictions to mesh-shock alignment 

and choice of inviscid and viscous flux functions
§ Perform quantitative comparisons with FUN3D and LAURA

[1] Barter and Darmofal, JCP, 2010
[2] Brazell and Mavriplis, AIAA Paper, 2013

[3] Kercher et al., IJNMF, 2020
[4] Fernandez et al., AIAA Paper, 2018
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Shock capturing method
Two ingredients

Shock detector Stabilization mechanism

Intra-element variations 
§ Simple
§ Compact
§ Large near discontinuities, small in smooth regions

Identify troubled elements

[1] Ching et al., JCP, 2019
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Shock capturing method
Two ingredients

Shock detector Stabilization mechanism

Artificial viscosity (AV) term

Add initially elementwise-constant AV to troubled elements

<latexit sha1_base64="U9X5wsWdmNqg3A8K9Kn9hvpy3IU="></latexit>

FAV = H : rU

[1] Ching et al., JCP, 2019
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Shock capturing method
Two ingredients

Shock detector Stabilization mechanism

Smooth AV

Reduce AV in boundary layers
§ Homogeneous Dirichlet BCs at no-slip walls
§ Pass           through sinusoidal filter2 to get 

[1] Ching et al., JCP, 2019

<latexit sha1_base64="BqdVRZl1pSayTao5OUbvSsQh5CU="></latexit>⌘AV
<latexit sha1_base64="m70O5FT2EWUzeYPheIqUIJvOyPQ="></latexit>⌘AV,s

[2] Persson and Peraire, AIAA Paper, 2006
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Test case: Mach 17.6 flow over circular half-cylinder
Uniformly biased tetrahedral mesh 
§ DG: (p+1)-order accuracy, where         

p = 1, 2, 3
§ Quantitative comparisons with FUN3D
§ 2nd-order accuracy

§ Influences of inviscid and viscous flux 
functions on heating predictions
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FUN3D heat flux comparisons

FUN3D DG

Ma p-order

17.6 1-3
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FUN3D heat flux comparisons

FUN3D DG

Ma p-order

17.6 1-3
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Sensitivity to inviscid and viscous flux functions
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Ma p-order

17.6 3
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Test case: hypersonic flow over double cone

Ma p-order

9.59 2-3
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è DG solution reaches convergence with ~half # DOF of LAURA solution
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Summary
§ Developed a simple and robust robust shock capturing method for DG 
§ Applied the proposed formulation to viscous hypersonic flows
§ DG heating predictions are much less sensitive to mesh-shock alignment and 

choice of inviscid flux function than FV heating predictions
§ Fewer degrees of freedom are required to achieve mesh convergence in DG 

solutions
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
q [2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Background: particle-laden flows
§ Several point-particle Euler-Lagrange formulations that rely on high-

order numerical methods
§ Finite-difference1,2

§ Spectral methods3,4

§ Limited development in the context of:
§ DG5,6,7

§ Curved elements

[1] Jacobs and Don, J Comp Phys, 2008.
[2] Jacobs et al., Theor Comp Fluid Dyn, 2012
[3] Bagchi and Balachandar, J Fluid Mech, 2002 

[4] Akiki et al., J Comp Phys, 2017
[5] Sengupta et al., Int J Multiph Flow, 2009
[6] Huang et al, Comput Methods Appl Mech Eng, 2019

[7] Zwick and Balachandar, Int J High 
Perform Comput Appl, 2020 
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Goals
Develop an Euler-Lagrange DG 

methodology 

Track and localize 
particles, including wall 

collisions (1-way)

Efficient, accurate, and robust 
on arbitrary curved, high-

aspect-ratio elements

Project influence of 
particles onto the 

Eulerian mesh (2-way)

Handle particle-particle 
collisions (4-way)
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
[2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Lagrangian Particle Tracking
§ Individual particles (“d”) are tracked in the flow field as point sources 
§ Carrier gas (“c”) described with Eulerian field

§ Quasi-steady contributions

Drag:

Heating Rate:

Fqs =
1

8
⇡D2⇢c(uc � ud)|uc � ud|CD

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Qqs = ⇡Dc(Tc � Td)Nu
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Nu = f(Red,Mad)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

CD = f(Red,Mad)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dxd

dt
= udPosition:

Momentum:

Energy: (xd,ud, T )

<latexit sha1_base64="caeJn3UCWozuquosGylUgxo0S0Y="></latexit>

md
dud

dt
= F = Fqs + Fother

<latexit sha1_base64="i/MNvPYJB/0wvF+t9NgWG4lBySo="></latexit>

mdcd
dTd

dt
= Q = Qqs +Qother
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Particle search-locate procedure
Algorithm by Allievi and Bermejo 
§ Compatible with arbitrary curved elements
§ Relies on the geometric mapping

[1] Allievi and Bermejo, JCP, 1997

⇠

⌘
b⌦

<latexit sha1_base64="+9yJ7M1aMS/GE8kTSQkHX6Zc97g="></latexit>

Le(⇠)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌦e
<latexit sha1_base64="HY6NvcILmzBGoXJLXh5B5pVm+eQ=">AAACN3icbVDLSgMxFM3UV62vVlfiZrAILkqZavGxK7hxZwX7gLaUTHrbhiYzQ3JHKEN/wq3+iJ/iyp249Q/MTAex1gMhJ+feyz05biC4Rsd5szIrq2vrG9nN3Nb2zu5evrDf1H6oGDSYL3zVdqkGwT1oIEcB7UABla6Alju5ieutR1Ca+94DTgPoSTry+JAzikZqd+8kjGgf+vmiU3YS2MukkpIiSVHvF6zD7sBnoQQPmaBadypOgL2IKuRMwCzXDTUElE3oCDqGelSC7kWJ4Zl9YpSBPfSVOR7aifp7IqJS66l0TaekONZ/a7H4X60T4vCqF3EvCBE8Nl80DIWNvh3/3h5wBQzF1BDKFDdebTamijI0Gf23pWTu2KMuaZRUTdWglHor4Rh8BXLhq5Fr3kmY1zEufqJbJs2zcuW8XL2vFmvVNNYsOSLH5JRUyCWpkVtSJw3CiCBP5Jm8WK/Wu/Vhfc5bM1Y6c0AWYH19AyAqrNc=</latexit>

(�1,�1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1,�1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(�1, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

y
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="Eb9xo7uSjwbiKEwE2KYt4NtckYo="></latexit>

Le(⇠) ⌘

x
y

�
=

NnX

i=1

 i(⇠)


xe
i

yei

�
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Particle-wall collisions
§ Extended the search-locate procedure to 

account for hard-sphere particle-wall 
collisions

§ Apply Newton search to compute intersection 
between particle trajectory and boundary

§ Curved, high-aspect-ratio elements
§ Pathological cases1

Wall

�f
<latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit>

xn�1
d

<latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit>

⌦
<latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit>

xn
d�

<latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit><latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit><latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit><latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit>

xn
d+

<latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit><latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit><latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit><latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit>

[1] Reed and Hill, TR-LA-UR-73-479 1973;
[2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.[1] Ching et al., JCP, 2020
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
[2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Particle-wall collisions

Wall

�f
<latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit>

xn�1
d

<latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit>

⌦
<latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit>

xn
d+

<latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit><latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit><latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit><latexit sha1_base64="s+4vrhiClsmp+XpGnh20t+DFcdM=">AAACO3icbVDLSgMxFM34rPVVdSVugkUQLGVGBF0KblxWsA9oa8lkbm1okhmSO2IZ+htu9Uf8ENfuxK1703YWaj0QcnLuvdyTEyZSWPT9N29hcWl5ZbWwVlzf2NzaLu3sNmycGg51HsvYtEJmQQoNdRQooZUYYCqU0AyHV5N68wGMFbG+xVECXcXutegLztBJnU6o6GMvi07Gd7pXKvtVfwo6T4KclEmOWm/H2+9EMU8VaOSSWdsO/AS7GTMouIRxsZNaSBgfsntoO6qZAtvNpqbH9MgpEe3Hxh2NdKr+nMiYsnakQtepGA7s39pE/K/WTrF/0c2ETlIEzWeL+qmkGNNJAjQSBjjKkSOMG+G8Uj5ghnF0Of23peLuiUdbsaiYGZmoknur4ABiA+rXV7PQvV2Ywd/o5knjtBo4fnNWvvTzWAvkgBySYxKQc3JJrkmN1AknCXkiz+TFe/XevQ/vc9a64OUze+QXvK9vNpWuLw==</latexit>

Wall
xn�1
d

<latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit><latexit sha1_base64="e+abhHplze3zoLlqyt4NXzztw4g=">AAACPHicbVBNSwMxEM36WetX1ZN4CRbBQy27IuhR8OKxglWhXUs2O7XBJLsms2JZ+ju86h/xf3j3Jl49m9Y9aNsHIS9vZpiXF6VSWPT9d29mdm5+YbG0VF5eWV1br2xsXtkkMxyaPJGJuYmYBSk0NFGghJvUAFORhOvo/mxYv34EY0WiL7GfQqjYnRZdwRk6KWxHij514ttcHwSDTqXq1/0R6CQJClIlBRqdDW+7HSc8U6CRS2ZtK/BTDHNmUHAJg3I7s5Ayfs/uoOWoZgpsmI9cD+ieU2LaTYw7GulI/TuRM2VtX0WuUzHs2fHaUJxWa2XYPQlzodMMQfPfRd1MUkzoMAIaCwMcZd8Rxo1wXinvMcM4uqCmbam5e+jR1iwqZvomrhXeatiDxID699U8cm8XZjAe3SS5OqwHfj24OKqe+kWsJbJDdsk+CcgxOSXnpEGahJMH8kxeyKv35n14n97Xb+uMV8xskX/wvn8Au7qubA==</latexit>

�f
<latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit><latexit sha1_base64="3j8m4dTodac1ycqy00Qx2PcPUX0=">AAACN3icbVBNS8NAEN3Ur/rd6km8BIvgoZREBD2J4EGPCtYW2lIm20m7dDcJuxMhBP+EV/0j/hRP3sSr/8BtzUFtB5Z982aGefOCRApDnvfmlBYWl5ZXyqtr6xubW9uV6s69iVPNscljGet2AAaliLBJgiS2E42gAomtYHw5qbceUBsRR3eUJdhTMIxEKDiQpdrdK1AK+mG/UvMa3jTcWeAXoMaKuOlXnb3uIOapwoi4BGM6vpdQLwdNgkt8XOumBhPgYxhix8IIFJpePhX86B5aZuCGsbYvInfK/p7IQRmTqcB2KqCR+V+bkPNqnZTCs14uoiQljPjPojCVLsXu5Hp3IDRykpkFwLWwWl0+Ag2crEfzttTtP9Fo6oYU6EwP6oW2Oo0w1qj+nJoHNrdm+v+tmwX3xw3fa/i3J7WL88LWMttnB+yI+eyUXbBrdsOajDPJntgze3FenXfnw/n8aS05xcwu+xPO1zcA3Kyk</latexit>

⌦
<latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit><latexit sha1_base64="wi5XIgGWVKQRj868JptoVsnpEXE=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkIuix6MWbFewD2lA222m7upuE3YkQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefHwmu0XE+rdza+sbmVn67sLO7t39QLB02dRgrBg0WilC1fapB8AAayFFAO1JApS+g5T/fTuqtF1Cah8EjJhF4kg4DPuCMoqGa3XsJQ9orlp2qMw17GbgZKJMs6r2SddzthyyWECATVOuO60TopVQhZwLGhW6sIaLsmQ6hY2BAJWgvncod22eG6duDUJkXoD1l/0+kVGqdSN90SoojvVibkKtqnRgH117KgyhGCNhs0SAWNob25Ha7zxUwFIkBlClutNpsRBVlaBxataVi/olGXdEoqUpUv5Jpq+AIQgVy7tTUN7kx0120bhk0L6quU3UfLsu1m8zWPDkhp+ScuOSK1MgdqZMGYeSJvJI38m59WF/Wt/Uza81Z2cwRmQvr9w9boavV</latexit>

xn
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<latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit><latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit><latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit><latexit sha1_base64="LdPtKC77dnl5dVLNKo/LEvCUiTE=">AAACO3icbVBNSwMxEM36Wb+rnsRLsAgeatkVQY+CF48VrBbaWrLZ2TY0yS7JrFiW/g2v+kf8IZ69iVfvpnUP2vog5OXNDPPywlQKi77/5s3NLywuLZdWVtfWNza3yts7tzbJDIcGT2RimiGzIIWGBgqU0EwNMBVKuAsHl+P63QMYKxJ9g8MUOor1tIgFZ+ikdjtU9LGbR8eje90tV/yaPwGdJUFBKqRAvbvt7bWjhGcKNHLJrG0FfoqdnBkUXMJotZ1ZSBkfsB60HNVMge3kE9MjeuiUiMaJcUcjnai/J3KmrB2q0HUqhn07XRuL/9VaGcbnnVzoNEPQ/GdRnEmKCR0nQCNhgKMcOsK4Ec4r5X1mGEeX039bqu4ee7RVi4qZoYmqhbcq9iExoP58NQ/d24UZTEc3S25PaoHj16eVC7+ItUT2yQE5IgE5IxfkitRJg3CSkifyTF68V+/d+/A+f1rnvGJml/yB9/UNOjOuMQ==</latexit>

[1] Ching et al., JCP, 2020
[2] Ching and Ihme, JCP, submitted

§ Extended the search-locate procedure to 
account for hard-sphere particle-wall 
collisions

§ Apply Newton search to compute intersection 
between particle trajectory and boundary

§ Curved, high-aspect-ratio elements
§ Pathological cases1

§ Finite size of particles2
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Test case: particle advection in annular channel
Compare straight-sided and curved elements
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Test case: particle advection in annular channel
Blue: curved elements
Red: straight-sided elements
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Test case: particle advection in annular channel
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Goals
Develop an Euler-Lagrange DG 

methodology 

Track and localize 
particles, including wall 

collisions (1-way)

Efficient, accurate, and robust 
on arbitrary curved, high-

aspect-ratio elements

Project influence of 
particles onto the 

Eulerian mesh (2-way)

Handle particle-particle 
collisions (4-way)
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
q [2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Reverse coupling
Project the influence of the particles onto the Eulerian mesh

Source term 

Projection kernel
§ E
§ e

Finite-volume context
§ Box kernel1

§ Volume-weighted2, distance-weighted3 kernel
§ Isotropic Gaussian function4

[4] Capecelatro and Desjardins, J Comp Phys, 2013

[1] Crowe, J Fluids Eng, 1982
[2] Squires and Eaton, Phys Fluid A, 1990
[3] Elghobashi and Truesdell, Phys Fluid A, 1993
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
q [2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Reverse coupling
DG context
§ Quadrature used to evaluate integrals
§ Multiple DOFs per element, subcell resolution
§ Modal basis functions
§ More susceptible to numerical noise and instabilities
§ Isotropic Gaussian function1,2,3

[1] Jacobs and Hesthaven, J Comp Phys, 2006
[2] Huang et al, Comput Methods Appl Mech Eng, 2019
[3] Zwick and Balachandar, Int J High Perform Comput Appl, 2020 

Shifted delta function4

§ Simple
§ Not smooth à numerical noise
§ Inappropriate for larger particles                 

<latexit sha1_base64="AmYrlmVxMX3s2jDxBFlsVxH6JSU="></latexit>

�(x;xd,i) = �(x� xd,i)

[4] Ching et al., J Comp Phys, 2020
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
q [2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Smooth isotropic kernels: challenges
High-aspect-ratio elements

Large kernel

Curved elements
§ To conserve near-wall interphase 

transfer, common to use mirror 
particles on straight-sided elements

§ Not straightforward for arbitrary 
curved elements

Small kernel

x x

++ + + + +



41

Proposed methodology
1. Smooth anisotropic kernels

§ Balance:
§ Accuracy
§ Mitigation of numerical noise and instabilities
§ Computational cost

§ Elliptical/ellipsoidal (instead of circular/spherical) in 2D/3D
2. Efficient kernel rescaling near walls

§ Avoid brute-force approach
§ Employ high-order polynomials to approximate rescaling factor
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Smooth anisotropic kernel
§ Construct ellipse based on mesh-implied metric1,2,3

§ Polynomial-based kernel4 instead of Gaussian-type kernel

[1] Fidkowski, MIT thesis, 2007
[2] Oliver, MIT thesis, 2008

[3] Sanjaya et al., AIAA Paper, 2020
[4] Jacobs and Hesthaven, JCP, 2006

[1] Reed and Hill, TR-LA-UR-73-479 1973;
q [2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Gaussian

Polynomial
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Near-wall treatment
Brute-force approach: exact rescaling

Proposed approach: approximate rescaling
§ Construct high-order polynomial approximation of K

§ Sample K at quadrature points
§ Project to high-order polynomials

[1] Ching and Ihme, JCP, submitted
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Test case: shock interaction with particle cloud
§ Bronze particle cloud
§ Volume fraction = 4%

§ 500,000 2D quadrilateral elements
§ p = 3 polynomials

§ Difference between delta shape function and smooth anisotropic kernel
§ Good agreement with numerical results1

[1] Kiselev et al., Shock Waves, 2006
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Test case: shock interaction with particle cloud
w t = 0.75 ms t = 2.25 ms

t = 3.75 ms t = 5.0 ms
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Test case: shock interaction with particle cloud
Comparison with numerical results

t = 0.75 ms t = 1.5 ms
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Test case: shock interaction with particle cloud

Smooth anisotropic kernel Delta functions
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Hypersonic dusty flows over blunt bodies
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Goals
Develop an Euler-Lagrange DG 

methodology 

Track and localize 
particles, including wall 

collisions (1-way)

Efficient, accurate, and robust 
on arbitrary curved, high-

aspect-ratio elements

Project influence of 
particles onto the 

Eulerian mesh (2-way)

Handle particle-particle 
collisions (4-way)
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Particle-particle collisions
Hard-sphere model

Select which particle pairs to 
inspect

Inspect particle pairs for 
potential collisions during given 

time step

Sort potential collisions in 
chronological order Enact first collision

Update collisions involving the 
recently collided particles



51

Selecting which particle pairs to inspect
§ Brute-force approach

§ All possible particle pairs in domain
§ Element neighbor lists

§ Inspect particles in node-sharing 
elements

Truncate element neighbor lists
§ Exploit the geometric mapping to further 

localize pairings
§ Compatible with unstructured curved 

elements
§ Simple and fast truncation process
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Test cases
§ 2D/3D kinetic theory example

§ Recover equilibrium properties
§ Significant speedup

§ 3D sandblasting example
§ Impingement of particle stream on a 

flat plate
§ Effect of particle mass flux on erosion
§ Good agreement with experiments1

[1] Oka et al., Wear, 2001
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Summary
Developed an Euler-Lagrange DG solver
§ Simple and robust shock capturing

§ Accurate surface heating predictions in hypersonic flows
§ Lagrange particle methods for 1-way, 2-way, 4-way coupling

§ Compatible with arbitrary curved, high-aspect-ratio elements

Why DG?
§ DG can considerably simplify meshing of complex geometries
§ Curved elements can significantly improve predictions of particle 

trajectories
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Outline

Background

§ Introduction & 
Motivation

§ DG mathematical 
background 

Development

§ Shock capturing 
scheme

§ Lagrangian
particle method

Application

Hypersonic dusty flows 
over blunt bodies

§ Experimental data 
and parametric 
sensitivities

§ Mars atmospheric 
entry
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Hypersonic dusty flows over blunt bodies
Relevant to Mars atmospheric entry

Adverse effects1:
§ Surface erosion

§ Particle-wall collisions
§ Surface heat flux augmentation

§ Particle-wall collisions
§ Two-way coupling

Limited high-quality experimental data
§ Ambiguity in how to reliably model 

these flows

Goals:
§ Simulate the hypersonic dusty flow 

experiment by Vasilevskii et al.2
§ Evaluate solution sensitivities to 

physical modeling of the particle phase

[1] Montois et al., International Planetary Probe Workshop, 2007
[2] Vasilevskii et al., J Eng Phys Thermophys, 2001.
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Experiments by Vasilevskii et al.
Hypersonic dusty flow over a sphere

Measured ratio of dusty-gas to pure-gas heat flux at stagnation point

Solver details
§ p = 2
§ 60,000 elements
§ Implicit-explicit time stepping

§ BDF3-AB3
§ Two-way coupling

<latexit sha1_base64="Jr4oRWAupJaF7ZTMzZ0CJhESa58="></latexit>

Dust material ⇢d (kg/m
3
) D (m) �

SiO2 2264 0.19⇥ 10
�6

0.03

[1] Vasilevskii et al., J Eng Phys Thermophys, 2001.

<latexit sha1_base64="0k2BKi58ebRbMgfs7Uw+asV8em8="></latexit>

Gas Ma1 Pt,1 (bar) Tt,1 (K) Rs (m)

N2 6.1 17.5 570 0.006
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Baseline physical model
Simplest model that gives good agreement with experiment
§ Henderson drag correlation1

§ Fox Nusselt number correlation2

§ Thermophoretic force3

Sensitivity study to be conducted with respect to this baseline model

md
dud

dt
= F = Fqs + Fth

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

mdcd
dTd

dt
= Q = Qqs

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[1] Henderson, AIAA J, 1976
[2] Fox et al., 11th International Shock Tubes and Waves Symposium, 1978
[3] Loth, AIAA J, 2008

Ma1 = 6.1
<latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit><latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit><latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit><latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit>

✓
<latexit sha1_base64="irdNNV20/kRRcQjXNavrQ9aY0bA=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkUtBjwYvHCvYBbSmbzaRdu5uE3YlQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefFwuu0XE+rdzW9s7uXn6/cHB4dHxSLJ22dJQoBk0WiUh1PKpB8BCayFFAJ1ZApSeg7Y3vZ/X2CyjNo/AJJzH0JR2GPOCMoqFaPRwB0kGx7FSdedjrwM1AmWTRGJSs854fsURCiExQrbuuE2M/pQo5EzAt9BINMWVjOoSugSGVoPvpXO7UvjKMbweRMi9Ee87+n0ip1HoiPdMpKY70am1Gbqp1Ewzu+ikP4wQhZItFQSJsjOzZ7bbPFTAUEwMoU9xotdmIKsrQOLRpS8X8M426olFSNVF+JdNWMcZFCuTSqalncmOmu2rdOmjdVF2DH2vlei2zNU8uyCW5Ji65JXXyQBqkSRh5Jq/kjbxbH9aX9W39LFpzVjZzRpbC+v0DqNur9A==</latexit><latexit sha1_base64="irdNNV20/kRRcQjXNavrQ9aY0bA=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkUtBjwYvHCvYBbSmbzaRdu5uE3YlQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefFwuu0XE+rdzW9s7uXn6/cHB4dHxSLJ22dJQoBk0WiUh1PKpB8BCayFFAJ1ZApSeg7Y3vZ/X2CyjNo/AJJzH0JR2GPOCMoqFaPRwB0kGx7FSdedjrwM1AmWTRGJSs854fsURCiExQrbuuE2M/pQo5EzAt9BINMWVjOoSugSGVoPvpXO7UvjKMbweRMi9Ee87+n0ip1HoiPdMpKY70am1Gbqp1Ewzu+ikP4wQhZItFQSJsjOzZ7bbPFTAUEwMoU9xotdmIKsrQOLRpS8X8M426olFSNVF+JdNWMcZFCuTSqalncmOmu2rdOmjdVF2DH2vlei2zNU8uyCW5Ji65JXXyQBqkSRh5Jq/kjbxbH9aX9W39LFpzVjZzRpbC+v0DqNur9A==</latexit><latexit sha1_base64="irdNNV20/kRRcQjXNavrQ9aY0bA=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkUtBjwYvHCvYBbSmbzaRdu5uE3YlQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefFwuu0XE+rdzW9s7uXn6/cHB4dHxSLJ22dJQoBk0WiUh1PKpB8BCayFFAJ1ZApSeg7Y3vZ/X2CyjNo/AJJzH0JR2GPOCMoqFaPRwB0kGx7FSdedjrwM1AmWTRGJSs854fsURCiExQrbuuE2M/pQo5EzAt9BINMWVjOoSugSGVoPvpXO7UvjKMbweRMi9Ee87+n0ip1HoiPdMpKY70am1Gbqp1Ewzu+ikP4wQhZItFQSJsjOzZ7bbPFTAUEwMoU9xotdmIKsrQOLRpS8X8M426olFSNVF+JdNWMcZFCuTSqalncmOmu2rdOmjdVF2DH2vlei2zNU8uyCW5Ji65JXXyQBqkSRh5Jq/kjbxbH9aX9W39LFpzVjZzRpbC+v0DqNur9A==</latexit><latexit sha1_base64="irdNNV20/kRRcQjXNavrQ9aY0bA=">AAACNXicbVBLS8NAEN7UV62vVk/iJVgED6UkUtBjwYvHCvYBbSmbzaRdu5uE3YlQQv+DV/0j/hYP3sSrf8Ftm4N9DCz7zTczzDefFwuu0XE+rdzW9s7uXn6/cHB4dHxSLJ22dJQoBk0WiUh1PKpB8BCayFFAJ1ZApSeg7Y3vZ/X2CyjNo/AJJzH0JR2GPOCMoqFaPRwB0kGx7FSdedjrwM1AmWTRGJSs854fsURCiExQrbuuE2M/pQo5EzAt9BINMWVjOoSugSGVoPvpXO7UvjKMbweRMi9Ee87+n0ip1HoiPdMpKY70am1Gbqp1Ewzu+ikP4wQhZItFQSJsjOzZ7bbPFTAUEwMoU9xotdmIKsrQOLRpS8X8M426olFSNVF+JdNWMcZFCuTSqalncmOmu2rdOmjdVF2DH2vlei2zNU8uyCW5Ji65JXXyQBqkSRh5Jq/kjbxbH9aX9W39LFpzVjZzRpbC+v0DqNur9A==</latexit>



58

Drag correlations
§ Henderson (AIAA J, 1976)
§ Loth (AIAA J, 2008)
§ Boiko et al. (Shock Waves, 1997)
§ Melosh and Goldin (Lunar and Planetary Science, 2008)
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Sensitivity to drag correlation

Ma1 = 6.1
<latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit><latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit><latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit><latexit sha1_base64="6mDmMmzrTCtAMvjf89RuTLAliUw="></latexit>
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[1] Ching et al., J Spacecraft Rockets, accepted
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Additional sensitivities
§ Nusselt number correlations

§ Small sensitivity
§ Momentum and energy 

contributions
§ Quasi-steady drag and 

heating most important

[1] Ching et al., J Spacecraft Rockets, accepted
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Additional sensitivities
§ Nusselt number correlations

§ Small sensitivity
§ Momentum and energy 

contributions
§ Quasi-steady drag and 

heating most important
§ Gas model

§ Shock standoff distance and 
shock layer quantities can 
have significant influence

[1] Ching et al., J Spacecraft Rockets, accepted
[2] Ching et al., Comput Fluids, submitted
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Additional sensitivities
Particle-particle collisions
§ Hypersonic dusty flow over a 

capsule forebody
§ Can attenuate particle-wall 

collisional energy flux
§ Only important at very high dust 

loading
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Outline

Background

§ Introduction & 
Motivation

§ DG mathematical 
background 

Development

§ Shock capturing 
scheme

§ Lagrangian
particle method

Application

Hypersonic dusty flows 
over blunt bodies

§ Experimental data 
and parametric 
sensitivities

§ Mars atmospheric 
entry
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Background
Build on:
§ Previous section
§ Palmer et al., Journal of Spacecraft and Rockets, 2020

§ Computed heat shield recession at the stagnation point during the trajectory of 
the ExoMars Schiaparelli capsule

Goals:
§ Further improve understanding of relevant physical processes
§ Assess effects of particle size distribution, angle of attack, and two-way 

coupling on heating augmentation and erosion
§ Employ recently developed physics-based drag correlation1

§ Investigate particle trajectories in aft region
[1] Singh et al., https://arxiv.org/abs/2012.04813, 2020

https://arxiv.org/abs/2012.04813
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[1] Reed and Hill, TR-LA-UR-73-479 1973;
[2and Warburton, Springer 2008;
[3] Cockburn et al., Springer 2000.

Drag correlation
Recently developed physics-based drag correlation1 that incorporates:
§ Low-speed hydrodynamics
§ Shockwave physics
§ Rarefied gas dynamics

Better agreement with experimental data than popular correlations2,3

[1] Singh et al., https://arxiv.org/abs/2012.04813, 2020
[2] Henderson, AIAA J, 1976

[3] Loth, AIAA J, 2008

https://arxiv.org/abs/2012.04813
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ExoMars Schiaparelli trajectory
§ 1st mission of the European Space Agency’s ExoMars program
§ Goals:

§ Search for evidence of methane and other gases that could signify 
biological or geological processes

§ Test key technologies to support future missions
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ExoMars Schiaparelli trajectory
S3 trajectory point1

Two angles of attack: 0 and 20 deg

SiO2 particles
Particle-wall impacts
§ Heating augmentation by 

collisional energy transfer
§ Surface recession2

~300,000 3D hexahedral elements
Third-order-accurate (p = 2) 

polynomials
[1] Reed and Hill, TR-LA-UR-73-479 1973;
[2], Springer 2008;
[3] Cockburn et al., Springer 2000.[1] Gulhan et al., J Spacecraft Rockets, 2019

[2] Palmer et al., J Spacecraft Rockets, 2020

<latexit sha1_base64="f2CTdO6CV//MhPSEGXkdZiBCOp8="></latexit>

Gas Mach u (m/s) P (Pa) T (K)

CO2 8.97 2014 74.1 195



68 Sample particle trajectories
<latexit sha1_base64="4pi1MTGdcTHFdjKKjuhagg/6spM="></latexit>

D = 0.5 µm
<latexit sha1_base64="A4jnHW20QDF+Z0Xr8nNG2vC/h1Y="></latexit>

D = 2.0 µm
<latexit sha1_base64="0YIudbM0JcAjGS/wLzza9HSha8c="></latexit>

D = 5.0 µm
<latexit sha1_base64="77g4Yx5jQsFiNsk2sb5r/kn+dAI="></latexit>

D = 8.0 µm
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Effect of particle size distribution
Modified gamma distribution:
§ Tomasko et al., J Geophys Research: Planets, 1999
§ Clancy et al., J Geophys Research: Planets, 1995

Mass loading ratio (particle mass flux to gas mass flux): 𝛽 = 0.01%
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Effect of drag correlation
Drag correlations by:
§ Singh et al., https://arxiv.org/pdf/2012.04813
§ Henderson, AIAA J, 1976
§ Loth, AIAA J, 2008

https://arxiv.org/pdf/2012.04813
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Effect of two-way coupling
Particles also affect carrier gas
𝛽 = 1% mass loading ratio
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72 Sample particle trajectories (20 deg AoA)
<latexit sha1_base64="4pi1MTGdcTHFdjKKjuhagg/6spM="></latexit>

D = 0.5 µm
<latexit sha1_base64="A4jnHW20QDF+Z0Xr8nNG2vC/h1Y="></latexit>

D = 2.0 µm
<latexit sha1_base64="0YIudbM0JcAjGS/wLzza9HSha8c="></latexit>

D = 5.0 µm
<latexit sha1_base64="77g4Yx5jQsFiNsk2sb5r/kn+dAI="></latexit>

D = 8.0 µm
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Surface recession
Solid line: windward side
Dotted line: leeward side
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Main findings
§ Dust impacts can cause surface erosion and heating augmentation
§ Drag correlation by Singh et al. predicts less surface recession than 

popular correlations
§ No direct interaction between particles and wake
§ Large particles traverse the shock layer at higher speeds, lower 

temperatures than small particles
§ Particle reverse-coupling at high dust loading can cause additional 

heating augmentation by transferring thermal energy to the boundary 
layer

§ At nonzero angle of attack, leeward-side surface recession can be 
noticeably higher than windward-side recession
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Summary & Outlook
Summary
§ Developed a simple and robust shock capturing method for DG schemes
§ Developed an Euler-Lagrange methodology in a DG framework suited for 

arbitrary curved, high-aspect-ratio elements
§ Established significant benefits of the proposed DG methodology in the 

context of viscous hypersonic flows and particle-laden flows
§ Applied the proposed methodology to hypersonic dusty flows over blunt 

bodies, with special application to Mars atmospheric entry

Outlook
§ Further experimental validation: collaboration with DLR and NASA Ames
§ Extend temperature range: thermochemical nonequilibrium
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